The steady-state one-dimensional flow of a gas between two parallel plates moving with relative velocity and maintained at different temperatures is examined on the basis of the nonlinear Bhatnagar-Gross-Krook (BGK) model equation, subject to Maxwell diffuse boundary conditions. The computational scheme is based on the discrete velocity method. Results are provided for the bulk quantities of the flow in the whole range of the Knudsen number from the free molecular through the transition and slip regimes all the way up to the hydrodynamic limit. Several interesting issues related to the combined momentum and heat transfer effects are examined including the presence of a heat flux parallel to the plates, induced by the shear flow. This is a cross effect, which is absent in the NavierStokes-Fourier regime. The validity of the results is confirmed in several ways including the recovery of the analytical solutions at the free molecular limit.
INTRODUCTION
The gas flow between parallel plates maintained in relative motion and at different temperatures may be considered as a prototype problem for more complicated flow patterns with many applications in the MEMS industry. When the flow is in the slip regime then the problem may be solved based on the Navier-Stokes-Fourier equations subject to slip and jump boundary conditions (Karniadakis & Beskok, 2002) . However, when the flow is far form equilibrium, well inside the transition regime, which is the case in several microfluidic devices and systems, then this approach is not adequate to provide reliable results. In these cases the problem may be tackled in a very efficient manner based on kinetic theory (Cercignani, 1988) .
In kinetic theory of gases this specific problem, namely the nonlinear Couette flow with heat transfer, has been examined by several researchers (Ziering, 1960; Huang & Hartley, 1968; Srivastava, 1971 ). In addition, exact analysis of the this problem described by the nonlinear BGK model equation has been provided (Brey et al., 1987; Santos et al.,1989; . The imposed boundary conditions produce combined momentum and heat transport phenomena and their investigation provides some insight into the behavior of more complex non-equilibrium systems. One of the most interesting issues is the presence of a heat flux parallel to the plates, induced by the shear flow (Tij & Santos, 1995) . This is a cross effect, which is absent in the hydrodynamic limit. In most cases the implemented techniques include the moment-hierarchy method applied to the Boltzmann equation or to kinetic model equations or alternatively the DSMC method (Tij & Santos, 1995 In the present work we solve the nonlinear Couette flow with heat transfer problem based on the discrete velocity (or ordinates) method (Naris & Valougeorgis, 2005; 2007) . The flow is modeled by implementing the nonlinear BGK equation coupled to Maxwell diffuse boundary conditions. Our objective is to determine the macroscopic distributions in the whole range of the Knudsen number in terms of the relative velocity and the temperature ratio of the two plates. In addition, we are using this specific problem to check the computational efficiency and accuracy of the implemented discrete velocity algorithms, which have been recently extended to handle nonlinear kinetic model equations. In terms of modeling it is true that the use of the BGK model is not the best choice because it does not lead to the correct Prandtl number. However, it is chosen as a first approach in the present work due to its simplicity. As it shown in the results the BGK solution is accurate when the two plates are at the same temperature or even at small temperature differences. In any case we intend in the short future to solve this flow using more advanced models such as the ellipsoidal statistical (ES) and Sakhov (S) models (Sharipov & Seleznev, 1998) .
FORMULATION
A monoatomic gas with no internal degrees of freedom is confined between two infinite parallel plates at ˆ/ 2 y H = m , which are moving with constant velocities 0 U m , while they are
. The hot plate is in the bottom and it is moving to the left, while the cold plate is in the top and it is moving to the right. The flow domain is considered as fully developed in the x direction and unbounded in the ẑ direction. On the basis of the kinetic approach being implemented, the basic unknown is the distribution function 
where P is the local pressure and μ the gas viscocity at local
is the local Maxwellian distribution, while ( ) 
and the shear stress
Finally, m and B k denote the molecular mass of the gas and the Boltzmann constant respectively.
At this stage it is convenient to introduce the nondimensional quantities
where H is the distance between the plates, 0 is an average density which specifies the density level. Even more, we define the reference rarefaction parameter
which is proportional to the inverse reference Knudsen number, while 0 μ is the gas viscocity at temperature 0 T . Then, we nondimensionalize Eq. (1) accordingly, to yield
where
been obtained by assuming hard sphere molecules. Taking advantage of the one-dimensionality of the flow, the x c and z c components of the molecular velocity may be eliminated by a projection procedure (Huang & Hartley, 1968) . However, since one of the objectives is to estimate the heat flux parallel to the plates we choose to eliminate only the z c component. This is performed by introducing the functions
and (
, , ,
and then operate accordingly on Eq. (11) to reduce after some routine manipulation the following coupled set of integrodifferential equations:
The corresponding Maxwellians are
In a similar manner the macroscopic quantities, given by (3) (4) (5) (6) (7) (8) , are expressed in terms of Φ and Ψ as 
We turn now our attention to the boundary conditions. The interaction between the particles and the walls is modeled according to Maxwell diffuse boundary conditions
Here, f + denotes distributions departing from the walls, while ( )
are two parameters to be specified by the impermeability condition at each wall. The corresponding dimensionless boundary conditions read 
(28) By applying the no penetration condition at the walls, the quantities 
The problem is described by the kinetic equations (14) and (15) coupled by the moments (18-21) and subject to boundary conditions (27) and (28), where the parameters W ρ are given by (29). It is seen that the problem is specified in terms of three dimensionless parameters, namely the reference rarefaction parameter 0 δ , the temperature ratio β and the velocity 0 U . In the fourth section results are provided for the bulk quantities in terms of these three parameters.
COMPUTATIONAL SCHEME
The applied computational scheme has been extensively used to solve linear kinetic equations describing several nonequilibrium systems in a very efficient and accurate manner (Naris & Valougeorgis, 2005; 2007) . Here, it is accordingly extended to the case of non-linear kinetic equations.
The kinetic equations (14) and (15) are discretized in the molecular velocity and physical spaces. In particular, in the molecular velocity space the discretization is performed by the discrete velocity method, where the continuum spectrum c to be the roots of Legendre polynomials of order M . By performing this discretization in the velocity space Eqs. (14) and (15) are reduced to a set of 2 x M first order ordinary differential equations. In the physical space the distance 1/ 2 1/ 2 y − ≤ ≤ is divided in equal intervals 1, 2,..., i I = and the discretization at each interval is performed by the diamond-difference scheme (Lewis & Miller, 1984) . This is a second order central difference scheme, which has been extensively used in solving elliptic integro-differential equations. In addition, the macroscopic moments of the reduced distributions defined by (18) (19) (20) (21) (22) (23) (24) are estimated by a half-range Gauss-Legendre quadrature.
Then, the discretized problem is solved in an iterative manner consisting of two steps. In the first step, the kinetic equations are solved for the unknown distributions τ at the right hand side of the equations are known. In the second step, updated estimates of the macroscopic quantities are computed based on the moments of the distribution functions. The iterative procedure is ended when the termination criterion applied on the macroscopic quantities is satisfied. It is important to note that, at each iteration, the system of algebraic equations is solved by a marching scheme and no matrix inversion is required. For each discrete velocity the distribution functions are computed at each node explicitly, marching through the physical domain. Following this procedure, supplemented by a reasonable dense grid and an adequate large set of discrete velocities, we are able to obtain grid independent results with modest computational effort.
RESULTS
The numerical results presented here have been obtained using 401 I = nodes for the spatial discretization and 96 M = roots of the Legendre polynomials for each of the two molecular velocity components. The termination criterion for the iterative process has been set equal to is not linear. The corresponding behavior of the temperature distributions is different. In particular at small values of 0 U (e.g. 0 0.1 U = ) the temperature jump at the hot plate is larger than the corresponding jump at the cold plate, while the situation is the other way around at large values of 0 U (e.g. 0 0.5 U = ). Also, as 0 U is increased this has a significant effect on the temperature distributions and this effect becomes more prominent as 0 δ is decreased (more rarefied atmospheres). The q y parallel to the flow is always negative and therefore an overall axial heat flux is produced in the direction opposite to that of the cold plate. As mentioned above this is a non-equilibrium phenomenon. Therefore, as it is seen, for 
CONCLUDING REMARKS
The steady-state one-dimensional flow of a gas between two parallel plates moving with relative velocity and maintained at different temperatures has been examined by applying the non-linear BGK kinetic equation subject to Maxwell diffuse boundary conditions. Results for the bulk quantities of velocity, temperature and both the normal and axial heat fluxes have been presented in terms of the three dimensionless parameters describing the flow configuration, namely the rarefaction parameter, the temperature ratio and the relative velocity of the plates. The numerical solution is valid in the whole range of the Knudsen number. Its accuracy has been tested in several ways including the recovery of the corresponding analytical solutions at the free molecular limit, the recovery of the linearized solutions in the case of small driving forces and the successful comparison with previous results.
In the general case the bulk distributions are not symmetric and therefore there is net mass flow and two net heat fluxes normal and parallel to the plates. The latter one is a cross effect and it vanishes at the hydrodynamic limit. The velocity slip is always larger at the hot plate, while the magnitude of the temperature jump at the two plates depends on their relative velocity. It has been found that the combined effect of the boundary conditions on the flow quantities becomes more significant as the rarefaction is increased.
